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Abstract 



It is shown that a simple vertex operator algebra V is rational if and only 
if its Zhu algebra A{V) is semisimple and each irreducible admissible U-module is 
ordinary. A contravariant form on a Verma type admissible U-module is constructed 
and the radical is exactly the maximal proper submodule. As an application the 
rationality of V£ for any positive definite even lattice is obtained. 

1 Introduction 

One of the most important problems in the representation theory of vertex operator 
algebras is to determine various module categories. Although there are several ways to 
define modules for a vertex operator algebra for different purposes, there are essentially 
three different notions of modules, namely, 

weak modules D admissible modules D ordinary modules. 

The ordinary module was first defined in [FLM j in the construction of moonshine vertex 
operator algebra V\ The ordinary modules are graded by the eigenvalues of the degree 
operator 1/(0) with finite dimensional eigenspaces and the eigenvalues are bounded below. 
In order to study the modular invariance of trace functions for vertex operator algebras, 
the admissible module was introduced in [Z] ( see also |DLM2j ). The admissible modules 
are Z + -graded but the homogenous spaces are not necessarily finite dimensional and L(0) 
is not assumed to be semisimple. The weak modules do not have any grading restriction. 

There are two basics in understanding module categories. The first one is the classifi- 
cation of irreducible objects and the other is whether or not the category is semisimple. 
For vertex operator algebras, the admissible module category is the most important one 
for various considerations. We call a vertex operator algebra rational if the admissible 
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module category is semisimple |DLM2j . This rationality definition is essentially the ra- 
tionality first defined in [Zj with two more assumptions: (a) There are only finitely many 
irreducible admissible modules, (b) each irreducible admissible module is ordinary. It was 
proved in |DLM2j that (a) and (b) follow from the semisimplicity of the admissible mod- 
ule category. Many well known vertex operator algebras (such as lattice vertex operator 
algebras jB], |FLMj . |Dlj . |DLM lj. the integrable afline vertex operator algebras [FZ , 
the Virasoro vertex operator algebras associated to the discrete series [Wlj . |DMZ j, the 
framed and code vertex operator algebras |D2j . |DGHj . |Mj . certain IV-algebras |FBj ) are 
rational. 

Both the classification of irreducible admissible modules and the rationality for a ver- 
tex operator algebra V are inseparable with an associative algebra A(V) attached to V. 
Defined in [7j, the associative algebra A(V) which is a quotient of V plays a fundamental 
role in the classification of irreducible admissible modules. It is proved in [Z and DLM2J 



that there is a one to one correspondence between the equivalence classes of irreducible 
admissible ^-modules and the equivalence classes of simple A(V)-modules. The corre- 
spondence is given by sending the admissible module to its bottom homogeneous subspace 
as the admissible module is truncated from below. So in some sense, the A(V) controls 
the bottom level of an admissible module. The relation between admissible modules for a 
vertex operator algebra and their bottom levels for A(V) can be regarded as an analogue 
of classical highest weight module theory in the theory of vertex operator algebras. The 
algebra A(V) is computable for many vertex operator algebras. The classifications of 
irreducible admissible modules for many well known vertex operator algebras have been 
achieved using the A(V)-theory. Examples include the afline vertex operator algebras 
|FZj . the Virasoro vertex operator algebras [DMZ , [Wl , lattice type vertex operator 
algebras [DM] - [DM] . |A"D] . jTY], certain VT-algebras |W2], jDLTYYj and some other 
vertex operator algebras |A2j . |Adj . |KWj . |KMYj . So the classification of irreducible 
admissible modules for a vertex operator algebra, in principle, can be done. 

It is proved in [Z] and |DLM2j that if V is rational then A(V) is a finite dimensional 



semisimple associative algebra. A natural question is 

Does the semisimplicity of A(V) imply the rationality of VI 

In this paper we give a positive answer to the question and prove that a simple vertex 
operator algebra V is rational if and only if A(V) is semisimple and each irreducible 
admissible ^-module is ordinary. According to the definition of rationality, one needs 
to verify the complete reducibility of any admissible module to prove the rationality. In 
practice, this is a very difficult task. On the other hand, we need the algebra A(V) 
to classify the irreducible admissible modules. So the A(V) is available already. While 
rationality is an external characterization of V, the semisimplicity of A(V) is certainly an 
internal condition on V as the semisimplicity of an associative algebra can be determined 
by studying the Jacobson radical. We should point out that the assumption that each 
irreducible admissible module is ordinary is not strong as this is true for all known simple 
vertex operator algebras. 

The main ideas and tools behind the proof of the main result are the associative 
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algebras A n (V) DLM3 and their bimodules A n ^ m {y) [DJ1 for nonnegative integers m, n. 
The associative algebras A n {V) are generalizations of A(V) such that A (V) = A(V). We 
have already mentioned that A(V) controls the bottom level of an admissible module. 
The associative algebra A n (V), for each n 6 Z + , takes care of the first n + 1-levels. Let 
M = M(s) be an admissible ^/-module with M(0) 7^ (see Section 2 for a precise 

definition). Then each M(s) for s < n is a module for v4 n (V) [DLM3J. Moreover V is 
rational if and only if A n (V) are semisimple for all nonnegative integers n. Theoretically 
this is a very good result on rationality. But it is very hard to compute A n (V) for n > 
in practice. Nevertheless, the A n (V) theory gives a bridge between a vertex operator 
algebra and associative algebras as far as rationality concerns. 

Motivated by the fact that Homc(M(m), M(n)) is an A n (y)-A m (V)-bim.odule, an 
abstract A n (V)-A m (y)-bimodu\e A njm (V) is introduced in jDJlj so that there is a canon- 
ical bimodule homomorphism from A nim (V) to Home (M(m), M(n)) for any admissible 
^-module M. The most important result about the bimodule theory is an explicit con- 
struction of the Verma type admissible ^-module generated by any A m (V)-modu\e U 
given by 

M{U) =0A,, m (F) ®A m{ v)U 

n>0 

(see jDJlj and [DLM3 ). As in the classical highest weight module theory of Lie algebras, 
M{U) has a unique irreducible quotient L{U) in case U is an irreducible A(K)-module. 
The main idea is to prove that M(U) = L(U) if A(V) is a finite dimensional semisimple 
associative algebra. 

Based on the construction of the Verma type admissible module, a contravariant pair- 
ing between M{U) and M{U*) is constructed for any v4 m (K)-module U in this paper. 
This pairing is an analogue of classical contravariant forms for Kac-Moody Lie algebras 
and the Virasoro algebra and is used in the proof of the main theorem. In particular, 
if U is irreducible, then the left radical of the pairing is precisely the maximal proper 
submodule of M(U). So the contravarint pairing should play an important role in the 
study of representation theory for vertex operator algebras. It is worthy to mention that 
this contravariant pairing is totally different from the invariant pairing defined in [FHLJ 
between any admissible module and its graded dual. 

As an application of our main result we prove in this paper that the orbifold vertex 
operator algebra (see jFLMj . |ADJ) is rational for any positive definite even lattice L. 
The irreducible admissible modules for have been classified in |DN2j and [ADJ and 
each irreducible admissible module is ordinary. We prove the rationality of by showing 
that A(Vl) is semisimple. In |ADj . A{V^) has been understood well enough to classify 
the irreducible A(V L l_ )-modules. We use a lot of results from |ADj in this paper to prove 
the semisimplicity of A{V^) and we refer the reader to |AD| for a lot of details. If the 
rank of L equals one, the rationality of has been obtained |Alj by a different method. 
Even in this case, it was a very difficult theorem in |Alj . 

It is hard to avoid the regularity [DLMlJ and CVcofiniteness jZ] when dealing with 
rationality. It has been conjectured that the rationality and regularity are equivalent. 
There is some progress in proving this conjecture. It is shown in [E] and |ABD| that V is 
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regular if and only if V is rational and CVcofinite. Since any finitely generated admissible 
module for a CVcofinite vertex operator algebra is ordinary (see |KLj and |ABD j), an 
immediate corollary of our result is that V is regular if and only if A(V) is semisimple 
and CVcofinite. Although only the semisimplicity of A(V) (not the rationality of V) 
and CVcofiniteness were used to obtain the modular invariance of trace functions [Z] and 
[DLM4 , the rationality of V, in fact, has already been used by our main result. 

It is our hope to remove the assumption that each irreducible admissible ^-module is 
ordinary in the near future. 

The main results in this paper had been announced in [DJ2J. 



2 A n ^ m (V)-theory 

Let V — (V, Y, 1, uj) be a vertex operator algebra (see [B], |FLMj ). A weak V module is a 
pair (M, Ym), where M is a vector space and Ym is a linear map from V to (EndM) [[z, z^ 1 ]] 
satisfying the following axioms for u,v G V, w G M: 

v n w = for nfZ sufficiently large; 
Y M (l,z) = id M ; 

Zq X 5 ^ — - Z2 j Y M (u, zi)Y M (v,z 2 ) - z l 5 ( ^—p- J Y M (v, z 2 )Y M (u, zi) 
= z^S ( — — — J Y M (Y(u, z )v, z 2 ). 



Z 2 

This completes the definition. We denote this module by (M, Ym)- An ordinary ^-module 
is a C-graded weak V- module 

M = 0M A 



Aec 



such that dim M\ is finite and M\ +n = for fixed A and n G Z small enough, where M\ 
is the A-eigenspace for L(0) with eigenvalue A and Y m {uj,z) = ^2 neZ L(n)z~ n ~ 2 . 
An admissible V^-module is a weak ^-module M which carries a Z + -grading 

M = M(n) 



(Z + is the set of all nonnegative integers) such that if r, m G Z, n G Z + and a G V r 
then a m M(n) C M(r + n — m — 1). Since the uniform degree shift gives an isomorphic 
admissible module we assume M(0) 7^ in many occasions. It is easy to prove that any 
ordinary module is an admissible module. 

We call a vertex operator algebra rational if any admissible module is a direct sum of 
irreducible admissible modules. It is proved in [DLM2J that if V is rational then there are 
only finitely many irreducible admissible modules up to isomorphism and each irreducible 
admissible module is ordinary. 
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A vertex operator algebra is called regular if any weak module is a direct sum of 
irreducible ordinary modules. It is evident that a regular vertex operator algebra is 
rational. 

We now review the A n (V) theory from jl )1..\12|- 1DLM3| . Let V be a vertex operator 
algebra. We define two linear operations * n and o n on V in the following way: 

±(-ir ( m + n w ( «, z) (i +iT" * 

m=0 ^ ' 

(1 + £\ wtu+n 
u o n v = Res z Y(u, z)v 

for homogeneous u, v G V. Let O n (V) be the linear span of all uo n v and L(— l)u + L(0)u. 
Define the linear space A n (V) to be the quotient V/O n (V). 

Let M be an admissible l^-module. For each homogeneous v G V, we set o(v) = v wt v-i 
on M and extend linearly to whole V. The main results on A n (V) were obtained in [DLM3J 
( see also and |DLM2| ). 

Theorem 2.1. Lei V be a vertex operator algebra and n a nonnegative integer. Then 

(1) Ajy) is an associative algebra whose product is induced by * n . 

(2) The identity map on V induces an algebra epimorphism from A n (V) to A n -i(V). 

(3) Let W be a weak module and set 

tt n {W) = {w e W\u m w = 0, u e V, m > wtu — 1 + n}. 

Then Q n (W) is an A n (V) -module such that v + O n (V) acts as o(v). 

(4) Let M = ®^ =0 M(m) be an admissible V -module. Then each M{m) form < n is 
an A n (V)-submodule of Q n (M). Furthermore, M is irreducible if and only if each M(n) 
is an irreducible A n (V)-module. 

(5) For any A n (V)-module U which is not an A n ^i(V) -module, there is a unique Verma 
type admissible V -module M(U) generated by U so that M(U)(0) ^ and M(U)(n) = U. 
Moreover, for any weak V -module W and any A n (V)-module homomorphism f from U 
to Q n (W) there is a unique V -homomorphism from M(U) to W which extends f. 

(6) V is rational if and only if A n (V) are finite dimensional semisimple associative 
algebras for all n > 0. 

(7) IfV is rational then there are only finitely many irreducible admissible V -modules 
up to isomorphism and each irreducible admissible module is ordinary. 

(8) The linear map (ft from V to V defined by 4>{u) = e L ^ l \— l) L ^u for u G V induces 
an anti-involution of A n (V). 

The algebra A(V) = -Ao(V) has been introduced and studied extensively in [Z] where 
* and o were denoted by * and o. Theorem 12.11 (1). (3), (5) for n = have previously 
been achieved in [7] and are very useful in the classification of irreducible modules for 
vertex operator algebras (see [FZj, jWTl, |W2j, [KWj, |DNT] - |DN3] . [Adj. jXDj, jDLTYYj . 



TYj . |KMYj . |A2j ) . We should also remark that the results in (7) which were parts of 
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the conditions in the definition of rationality given in jZj were obtained in jDLM2j . This 
shows that the rationality defined in this paper and |DLM2j is the same as that defined 

in m. 

Next we move to the bimodule theory developed in |D.Tlj . For homogeneous u G V, 
v G V and m,n,p G Z+, define the product *™ on V as follows 

To explain the representation-theoretical meaning of the product u v we consider an 
admissible V^-module M = {& s>0 M(s). For homogeneous u E V we set o t (w) = w w tu-i-t 
for t G Z. Then o t (w)M(s) C M(s + t). It is proved in |DJlj that o n ^ p {u)o p ^ m {y ) = 
o n ~m{u *m, P v ) acting on M{m). If n = p, we denote *™ by and if m — p, we denote 
*m,p by * m , i.e., 



\ , 1 •■■/ n + AT3 (l + ^) Wtn+m ^, s 



u* n m v 



i=0 ^ ' 



Define 0' nm (V) to be the linear span of all u v and L(— l)u + (L(0) + m — n)u, 
where for homogeneous u G V and u£V, 

« o« v = Res z zn+m+2 Y(u, z)v. 

Then O n (V) = 0' n n (V) (see jDLM3j and the discussion above). Let 0'^ m {V) be the linear 
span of u *^ pa ((a *P 3 ip2 b)*^ pi c - a*^ p2 (b* p ^ pi c)) , for a,b,c,u G V,p 1 ,p 2 ,p 3 G Z+, and 
O£ m (*0 = E pe z + (^ Op(V)) C, P V. Set 

o n , m (v) = o' n!m (v) + c£jv) + oj»(n 

and 

Here are the main results on Aj )m (V) obtained in |DJlj . 

Theorem 2.2. Let V be a vertex operator algebra and m,n nonnegative integers. Then 

(1) A n>m (y) is an A n (V)-A m (V) -bimodule such that the left and right actions of A n (V) 
and A m (V) on A n ^ m {V) are given by and respectively. 

(2) The linear map : V — > V defined by (f)(u) = e L ^(— l) L ^u for u G V induces a 
linear isomorphism from A n>m (V) to A m , n {V) satisfying the following: 0(w*^t>) = 4>(v)*™ 
4>(u) and 4>(v w) = (j)(w)*^(j)(v) for u G A n (V), w G A m (V) and v G A n , m (V). 
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(3) Let I be nonnegative integers such that m — l,n — I > 0. Then A n -i >m -i(V) is an 
A n (V)-A m (V)-bimodule and the identity map on V induces an epimorphism of A n (V)- 
A m (V)-bimodules from A n , m {V) to An-i >m -i(V). 

(4) Define a linear map ip: A niP (V) ®a p (v) A P)m (V) -> A njTn (V) by 

tjj( u 8») = ii v, 

for u ® u G An^iy) ®a p (v) Ap^miV). Then ip is an A n (V) — A m (V)- bimodule homomor- 
phism from A niP (V) <&a p (v) A P , m (V) to A n , m (V). 

(5) Let M = 0^1 O M(s) be an admissible V -module. Then v + O n>m (V) t— > o n _ m (u) 
gives an A n (V) — A m (V) -bimodule homomorphism from A n;m (V) to Hom c (M(m), M(n)). 

(6) For any n > 0, the A n (V) and A n>n (V) are the same. 

(7) Let U be an A m {V) -module which can not factor through A m ^i(V). Then 

A n , m (V) ® Am (y) U 

is a Verma type admissible V -module isomorphic to M(U) given in Theorem \2. 1\ such that 
M(U)(n) = A n , m (y) ®A m (v) U with the following universal property: Let W be a weak 
V -module, then any A m (V)-morphism /:£/"—> Q m (W) can be extended uniquely to a 
V -homomorphism f : M(U) — > W . 

(8) If V is rational and W j = ® n > W j (n) with W j (0) ^ for j = 1, 2, • • • , s are all 
the inequivalent irreducible modules ofV, then 

min{m,n} / s 

A n , m (V)= 0Hom c (^(m-O,^>-O) 
i=o \ i=l , 

We need the detailed action of V on the Verma type admissible module M(U) gen- 
erated by an v4 m (V)-module U given in Theorem 12.21 For homogeneous u G V and 
p, n G Z, the component operator u p of Y M ^(u, z) = Ylp^z u v z~ v ~ x which maps M(U)(n) 
to M(U)(n + wtu — p — 1) is defined by 

. . f (u *Z tU n~ P ~ 1+n v)®w, if wtu - 1 - p + n > 0, , , . 

1 [ 0, it wtu — 1 — p + n < 0, 

for v G A„, >m (V) and w G U (see |DJlj for details). 

Theoretically, the construction of the Verma type admissible module M(U) generated 
by an v4 m (V)-module U in |DLM3j is good enough for many purposes. But M(U) con- 
structed in [DLM3] is a quotient module for a certain Lie algebra (see [DLM3J) so it is 
hard to understand the structure. On the other hand, the construction of M(U) given 
in Theorem 12.21 (7) is explicit and each homogeneous subspace M(U)(n) is computable. 
This new construction of M(U) is fundamental in our study of rationality in this paper. 
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3 Verma type modules 



In this section we give a foundational result for this paper. That is, if A(V) is semisim- 
ple for a simple vertex operator algebra V then the Verma type admissible K-module 
generated by any irreducible A(V)-module is irreducible. We need several lemmas. 

Recall that if A is an associative algebra and U a left A-module, then the linear dual 
U* = Homc(£7, C) is naturally a right A-module such that (fa)(u) = f(au) for a G A, 
f Elf* and u eU. 

Lemma 3.1. Let V be a vertex operator algebra. Assume that A(V) is semisimple and 
U l for i = 1, ■ ■ • ,s are all the inequivalent irreducible A(V)-modules. Let M(U l ) = 
©nez M(U l )(n) be the Verma type admissible V -module generated by U l . Then as an 
A n (V)-A(V)-bimodule, 

s 

A ra ,o(^) = 0M(^)H®(^T- 

8=1 

Proof: Since A(V) is semisimple, A n ^(V) is a completely reducible right A(V)-modu\e. 
Note that {(U 1 )*,--- , (II s )*} is a complete list of inequivalent irreducible right A(V)- 
modules. Let W i = Hom A (v) ((£/*)*, A n>0 (V)) which is the multiplicity of (U 1 )* in A nfl (V). 
Then W i is a left A n (V)-modvie such that (af)(x) = af(x) for a G A n (V), f G 
Hom A(v) ((£/*)* , A»,o(V)) and x G (£/*)* and as 4,(V)-A(V)-bimodules 

s 

A n , (V)^^W^(Ur. 

i=l 

To prove the lemma we need to prove that W l = M(U l )(n), % = 1, • • • ,s. Recall from 
Theorem 12.21 (7) that for each 1 < i < s, M(U l )(n) is an A n (l / )-module and 

M ( Ul ) = A nAV) ®A(V) U\ 

Note that (U % )* ®a{v) U j = SijC. We see immediately that W l and M{U l ){n) are isomor- 
phic as required. □ 
For m,n,p G Z + , let 

A n , P (V) *l, P A pAV) = {a *l, p b\a G A n>p (V), b G A p>m (V)}. 

Then A n ^ p {y) *™ A Ptm (V) is an A n {V) — A m (V)-subbimodule of A n ^ m {V) by Theorem 
12.21 (4). Also recall from Theorem 12.21 (4) the A n (V) — A m (V)-bimodule homomorphism 

tp : A n , p (V) ® Ap (v) Ap,m(V) -> A njm (V) defined by 

^{u ®v)=u *™ ip v, 

for u G ^^(V) and v G ^4 p , m (V). 
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Lemma 3.2. Let V be a simple vertex operator algebra and A(V) be semisimple. Then 
for integer m > 2, we have 

Ao, m (V) *o,m A m ,o{V) = A(V). 

Proof: It is easy to see that A 0)n (V) ^^(V) is a two-sided ideal of A(V). Let U be 
an irreducible module of A(V) and suppose that for some positive integer n, 

(A Q , n {V) *° n A n , o (V))® A(v) U = 0. 

Let M(U) be the Verma type admissible K-module generated by U and X the admissible 
V^-submodule of M(U) generated by M(U)(n). Then by Proposition 4.5.6 of |LL| (see 
also [DMlJ, X is spanned by u p M(u)(n) for u G V and p G Z. In particular, X(0) is 
spanned by u wtu _i +n M(u)(n) for u G V. From the module construction of M(U) given in 
Theorem 12.21 and the action of V on M(U) (j2.1J) we see that 

X(0) = (A ,n(V) *° n A n , (V)) ® A(V) U = 0. 

So X is a proper admissible submodule of M(U). 

Clearly, for any non-zero element u in U, we have L(l)u = and L(—n)u G M(U)(n) 
from the construction of M(U). Thus = L(l) n L(-n)u G X(0). It follows that L(0)u = 0. 
This shows that L(0)U = 0. 

Let W(U) = M{U)/X be the quotient module, then W(U)(n) = as M(U)(n) C X. 
Since W{U){0) = U, we can assume that W(U)(n - k) ^ 0, W(U)(n - k + 1) = 0, for 
some positive integer k. Let f be a non-zero element in W(U)(n — k), then L(—l)v = 0. 
By Corollary 4.7.6 and Proposition 4.7.9 of |LLj . v is a vacuum-like vector of W(U) and 
the admissible V^-submodule of W(U) generated by v is isomorphic to V. In particular, 
L(0)v = 0. On the other hand, L(0)v = (n — k)v as L(0)U = 0. This deduces that k = n. 
Since V 2 contains the Virasoro element w ^ and L(—l) from V m to V m+ \ is injective for 
any m > 1, we assert that V m ^ if m > 2. This implies that n = 1. So for any m > 2, 
we have 

(A 0) m(^) < m A m , (^))®t/^0. 

Since -A(V) is a finite dimensional semisimple associative algebra, the lemma follows. □ 

Lemma 3.3. Let V be a simple vertex operator algebra such that A(V) is semisimple. 
Let n G Z + greater than 1, then the A(V) — A(V) -bimodule homomorphism ip from 
Ao, n (V) ®A n {v) A n fi{V) to A(V) is an isomorphism. 

Proof: By Lemma EOl A Q>n (V) *q„ A ni0 (V) = A(V). So it is enough to prove that 
ip is injective. Let 1 be the identity of A(V) and G A , n (V) and f J G A n; o(V), 

k k 

j = 1, 2, • • • , k, be such that ^ *q n v J = 0. That is, u J SDAnCv) "y 17 lies in the kernel 

j=i ' j i 

of ^. By Lemma there exist a 1 G Ao, n (V"), G A nt0 (V), i — 1, 2, • • • ,r such that 

r 

*0,n ^ = 1- 

i=l 
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Then 

k k k 

^ U j <g) = M j (g) • 1 = E <g) (v? *Q 1) 

j=l j=l j=l 

k r k r 

J=l 1=1 J=l j=l 

k r k r 

= E E^ *»,n (V j <,0 a*)) ® 6* = E E^ *0,n ^) *n,0 <»<) ® 

jr' = l 1=1 J = l j=l 

= 0. 

This means that ip is injective. □ 
We are now in a position to prove the following important result on the Verma type 
admissible module. 

Theorem 3.4. Let V be a simple vertex operator algebra such that A(V) is semisim- 
ple. Let U be an irreducible module of A(V), then the Verma type admissible V -module 
M(U) = © neZ+ A n fi{V) <S>a(v) U generated by U is irreducible. 

Proof: For integer n > 1, set 

S(n) = {xe A nfi (V)\u *° n x = 0, u G A , n (V)}. 

Then by the fact that u *° n (x v) = (u *° n x) * v and u*Q n (a *$ n x) = (u *° n n a) *q n x 
for all u e A 0jn (V), x E ' A nfi (V), a £ Ajy), v E A(V),' S{n) is an A n {V) - A(V)- 
subbimodule of A nt0 (V). The S(n) can be understood naturally from the Verma type 
admissible ^-module 

M(A(V)) = 0M(A(V))(n) = 04,o(l/) A(V) =Q Anfi (V) 

n>0 n>0 n>0 

generated by A(V"). Let S be the maximal submodule of M(A(V)) such that 

5 n M(A(V))(0) = sn A{V) = 0. 

Then it is clear that S = J2 n >i S(n). 

As before, let U l for % = 1, • • • ,s be the inequivalent irreducible modules (which 
are necessarily finite dimensional) of A(V). Then A(V) = ®| =1 Endc(t/ 1 ) and £/* can 
be considered as a simple left ideal of A(V) and the action of A(V) on C/ J is just the 
multiplication of A(V). Let 

M(W) = M(W)(n) = A n , (\/) <gu (v) U l 

be the Verma type admissible V- module generated by U l . Then 

M(C/ i )(n) = A nfl (V) ® A[V) U l = A nfi (V) *£ C A„, (\/) 

10 



where we identify U l with a simple left ideal of A(V). In fact, we can regard M(U l ) as 
an admissible submodule of M(A(V)). The containment M(U l )(n) C A n $(y) can be 
understood easily from Lemma f3. 11 

Let J{U l ) = © neZ+ J(Z7*)(n) be the maximal proper admissible K-submodule of 
Af (£/*). Then the quotient module W* = M([/ i )/J(C/ i ) = neZ+ M([/ l ')(n)/ J(C/ l ')0) 
is an irreducible admissible ^-module. By Theorem 12.11 (4), W l {n) is an irreducible 
A n {V) -module. Since f/ 1 is an irreducible A(V)-module, we have J(U l )(0) = 0. Re- 
garding M(U l ) as an admissible submodule of M(A(V)) then J(U % )(n) is a subspace of 
M(A(y))(n) = A nfi (V) ® A[V) A(V) = A nfi (V) and 

A o ^V)*° 0jn J(U i )(n)=0, (3.1) 

for all positive integer n. That is, J(U l )(n) is a subspace of S(n) for all z. To prove that 
any Verma type admissible V^-module M{U) = © ngZ+ A nj o(V) ®a(v) U generated by an 
irreducible A(V)-modvL\e U is irreducible, it is enough to prove that S(n) = for all 
n > 1. From the assumption, V has only finitely many irreducible admissible modules, so 
L{— 1) from S(n) to S(n + 1) is injective if n is large. So it suffices to show that S(n) = 
for all large n. 

Claim: If n > 2, then (S(n) *™ A . n (\/)) gu„ (y) W^n) = 0. 

If (A n , (V) *» W = 0, then (,%) *« A , n (T0) W\n) = 0. 

So we now assume that (A nt o(V) *™ Q A 0tn (V)) ®A n (v) W % (n) ^ 0. By Lemma l3~3l and (j3.1j) 
we have for n > 2 that 

A , n (V) ® An(y) J(U l )(n) = 0. 

This implies that 

A ,n(V) ®A n{V ) M(E/*)(n) - A 0>n {V) ® An(y) W*(n). (3.2) 

Consider the Verma type admissible ^-module M(W l (n)) = © mgZ A TO) „(y) <SU n (y) 
W l (n) generated by W l (n). Then M(W l (n))(n) = W l (n) is an irreducible A n (V r )-module 
and (Anfl(V) *no Ao jn (V)) <8U„(V) W l {n) is a nonzero submodule of W % (n). This forces 
{A nt o(V) A ', n {vj) ® An {v) W\n) = W\n). From the definition of S{n), we have 

[A 0> n(V) *°n,n (S(n) A , n (V))} ® An{ V) W\n) 

= Uo,n(V) <,n S(n)) *% A , n (V)} ® An( v) W\n) = 0. 

So (S(n) *™ Ao >n (V)) ®A n {v) W l {n) is a proper A n (V A )-submodule of irreducible A n (V)- 
module (A nfi (V) * n nfl A^ n {V)) ® An{v) W\n). Thus 

(S(n) < i0 W\n) = 0. 

This establishes the claim. 
By (J3.2|) . we have 

(5(n) < iQ A , n (^)) M(^)(n) = 0, i = 1, 2, • • • , s. 



11 



Applying Lemma f3. II yields 

(S(n) < A 0tn {V))® Aniy) A nfi (V) 

s 

= (S(n) < A Q , n (V)) ® An{v) (0 M(W)(n) ® ([/*)*) 

i=i 

= 0. 

On the other hand, by Lemma 13.21 we have 

S(n) = S(n) *« A(V) = S(n) *£ (^„(V) < n A n , (F)) 

which is exactly (S(n) *™ Ao >n (V)) ®A n {v) A ni o(V) by Lemma As a result, S(n) = 0. 
This finishes the proof. □ 
We should point out that if A(V) is not semisimple, Theorem 13.41 is false. Here is 
a counter example. Recall that the abstract Virasoro algebra Vir has a basis {L n \n G 
Z} U {c} with relation: 

rr i _ ( \t m 3 - m 

[L"mi ^n] — [m — n)L m+n H — — o m+nj oc 

and c is in the center. Then 

Vir^ 1 = ®^ = _ 1 CL„ © Cc 
is a subalgebra. Given a complex number k, consider the induced module 

V(k) = [/(Vir) C k 

where = C is a module for Vir- -1 such that L n l = for n > — 1 and cl = fc. 
Then V(k) is a vertex operator algebra (see |FZj ). If k = 1, then V(l) is a simple 
vertex operator algebra as V(l) is an irreducible module for the Virasoro algebra. It is 
computed in |FZj that A(V(1)) is isomorphic to the polynomial algebra C[x] which is 
not semisimple. Let U be an irreducible J i4(V(l))-module such that to acts as a positive 
integer m. Then the Verma type admissible V(l)-module M(U) generated by U is the 
Verma module V(l,m) = U(Vir) ©;y(vir> ) ^i,m f° r Vir where Vir- = Yl^o^^n © Cc 
acts on Ci >m = C in the following way: L n l = for n > and LqI = m, cl = 1. Clearly, 
V(l,m) is not irreducible (see |KRj ) . 

One can also find counter example from the affine vertex operator algebra if A(V) is 
not semisimple. 

4 Bilinear pairings 

Let M = © n>0 M(n) be an admissible V^-module. Then there is a ^-invariant bilinear 
pairing (•, •) between M and its contragradient module M' = J2 n> oM(n)* in the sense 
that 

{Y(u,z)w',w) = {w',Y{e zL V{-z- 2 ) m u,z- l )w) 
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for u G V, w G M and w' G M' where M(n)* = Hom c (M(n),C) (see [FHLJ). The 
construction of contragradient module M' and the non-degenerate pairing are very useful 
in the theory of vertex operator algebras. But this bilinear pairing is different from the 
contravariant form on the Verma modules for affine Lie algebras or the Virasoro algebra 
when V is an affine or Viraoro vertex operator algebra. While the contravariant form 
on a Verma module in the classical case is degenerate in general, the invariant bilinear 
pairing defined in ll'lll.j is always non-degenerate. In this section we will construct a 
different invariant bilinear pairing between the two Verma type admissible ^-modules 
M(U) and M(U*) for any A m (V)-modu\e U, where m G Z+. This pairing is an analogue 
of classical contravariant forms for Kac-Moody Lie algebras and the Virasoro algebra. 
This construction heavily depends on the construction of M(U) given in Theorem 12.21 in 
terms of bimodules. 

For m G Z+, let U be an A m {V)-m.odvle and recall the anti-involution of A m (V) 
from Theorem 12.11 Then the dual space U* of U is an A m (V)-module under the following 
action: 

(u - f)(x) = f(cf>(u) ■ x) = (f,cf>(u) ■ x), (4.1) 

for u G A m (V), f G U* and x G U. 

Let M{U) = ® n ^ + A ntm {V) ® Amiy) U and M{U*) = neZ+ A n>m (V) ® Am (v) U* be 
the Verma type admissible ^-modules generated by U and U* respectively. Recall from 
Theorem 12.21 the linear isomorphism from A n ^ m (V) to A m ^ n {y). We define a bilinear 
pairing (-, ■) on M(U*) x M(U) as follows: 

(x ® /, y ® u) = (/, [{<f){x) *Z, n y)\ ■ y), 

for x, y G A n ^ m (V), f G U*, u G U,n G Z + ; and 

(A p , m (V) ® Am (V) U\A n>m {V) ® Am {V) U)=0 

ioip^n. That is (M(U*)(p), M{U){n)) = if p ^ n. 
Lemma 4.1. The bilinear pairing (•, •) is well defined. 

Proof: Let x G An jm (V),y G A PtTn (V),f G U*,v G U,p,n G Z + and a G A m (V). If 
p = n, we have from Theorem 12.21 that 

((* a) ® /, 3/ ® v) = (/, C,m a) *™ n y] ■ u) 

= (/, [(<K«) < m ^))*^,„y]-«) 

= (/, [0(a) * m (0(x) *Z,n V)\ ■ v) 
= (/,0(a)-[(0(x) *™ n y)-v]) 
= (a • /, (0(x) *™ „ y) • u) 
= (x ® (a • /), y <E> f) 

where we have used (|4.1j) in the fifth equality. 
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If p ^ n , it is clear that 

((:r *™ m a) ® f, y ® v) = (x ® (a • /), y ® u) = 0. 

Similarly, we have 

(x ® /, (y *^ >m a) ® v) = (x ® /, y ® (a • u)). 
The proof is complete. □ 

Proposition 4.2. TTie bilinear pairing (-, •) on M(U*) x M(U) is invariant in the sense 
that 

(Y M (u, z)(x®f),y®v) = (x®f, Y M (e zL{l \-z~ 2 ) m u } z'^y ® v)) (4.2) 
/on G A n , m (T/),y G A Pjm (l/),/ eU*,v eU,n,pe Z+ andu G V. 

Proof: It is enough to prove the coefficients of z~ q ~ l in both sides of (|4.2|) are equal for 
all q G Z. That is, we only need to prove 

(%(x ® (y®u)), (4.3) 

3=0 J ' 

for x G ^^(V), y G A Pjm (y), / G U* , v G U,n,p G Z + , g G Z and homogeneous w G V. 

First assume that wtn — q— 1 + n^p. Since u q M(U*)(n) C M([/*)(wtw — g — 1 +n), 
then (u q M(U*)(n), M(U)(p)) = from the definition of (-, •). Similarly, 

(M(C/*)(n),^^— (L(l)%)_ g+2wtu _ i _ 2 M(C/)(p)) = 0. 

3=0 J ' 

So (|4.3jl is true if wtn — g— l + n^p. 

If wtu — g — l+n — p, using Theorem 12.21 and the action of u q given in (j2.1|) we have 

(it, (a; ® /), y ® v) = ((« x) ® /, y ® v) 
= (/, (0(n < n x) *™ p y) • v) = (/, ((0(x) *£ n 0(n)) *- p y) • «) 

= (/, *Zn M«) <* y)) ■ v ) = (* ® /, (0(«) y) ® «) 

= (*»/, [(E M— L ^ y] ® «) 

j=0 J - 



°° /-i \wtu 

& ® /, (E 7 \ £(l) J «)-<7+2wta-j-2(y ® «)), 



3=0 J 

as desired. □ 
The proof of the following corollary is standard. 
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Corollary 4.3. Let V be a vertex operator algebra and m G Z+. Let U be an A m (V)- 
module. Then 

J(U) = {w G M(U)\(w',w) = 0,w' G M([/*)} 

is i/ie maximal proper admissible V-submodule of M(U) such that J(U)nM(U)(m) = 0. In 
particular, ifU is irreducible then J(U) is the unique maximal proper admissible submodule 
ofM(U). 

Corollary 14.31 tells us that the bilinear pairing defined in this section is an analogue 
of the classical contravariant form in the theory of vertex operator algebras. This result 
is certainly an important application of the construction of the Verma type admissible 
^-module M(U) = © n>0 A njm (V) ®A m (v) U generated by an A m (V)-module U. It is hard 
to imagine how to define the invariant bilinear pairing on M(U*) x M(U) without this 
module construction. 

By Theorem 13.41 and Corollary 14.31 we immediately have 

Corollary 4.4. Let V be a simple vertex operator algebra such that A(V) is semisimple. 
Let U be an irreducible A(V)-module, then the bilinear form (•, •) on M(U*) x M(U) is 
non-degenerate. 

5 Rationality 

We prove in this section that a simple vertex operator algebra V is rational if and only 
if A(V) is semisimple and each irreducible admissible K-module is ordinary. This is the 
main result of this paper. 

Recall from Theorem YH\ that A mfi (V) *™ A 0:m (V) C A m (V). We have 

Lemma 5.1. Let V be a vertex operator algebra. Then 

A m ,o(V) Co A ,m(V) = O m ^(V)/O m (V), 

forme Z+ \ {0}. 

Proof: For m G Z + \{0}, let M(A m (V)) = neZ+ A njTn (V) be the Verma type admissible 
V- module generated by A m (V). Then 

M(A m (V))(0) = A 0tm (V). 

Let M' be the V^-submodule of M(A m (V)) generated by A 0jJn (V). Then 

M'(m) = A mfi (V) *™,o A 0>m (V). 

Set W = M(A m (V))/M'. Then W is an admissible ^-module such that W(m) = 
A m (V) I \A m fl(V) *™ A 0>m (V)) and W(0) = 0. So for all homogeneous u G V, we have 

u wt u-i+mW(m) = 0. 
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This means that W(m) is an A m -i(V)-modu\e by Theorem 12.11 Thus 

O m -!(V) * m A m {V) c A m>0 (V) C,o \m(V). (5.1) 

Note that A m (V) = V/O m (V) and A m fl(V) *™ o A ,m(V) is the linear span of u *™ v + 
O m (V) for all v G V and homogeneous u G V. Let 5 m (V) be the linear span of u *™ v 
for all v G V and homogeneous u G V. Then 

W(m) S V/(S m (^) + O m (V)), A mfl {V) *™, A , m (F) = (B m (V) + O m {V))/O m {V). 

From ()5.1|) . we have 

O m ^(V)CB m {V) + O m {V). 
On the other hand, for v G V and homogeneous w G V 

u C,o « = Res / ^ +1 — *)t, G o^(v). 

That is, i? m (l / ) C O m _i(V). As a result, we have 

B m (V) + O m (V) = O m _i(V0, 

and therefore the lemma holds. □ 

Lemma 5.2. Lei V be a vertex operator algebra such that A(V) is semisimple. Let U l for 
i — 1, 2, • • ■ , s be all the inequivalent irreducible modules of A(V). Then for every positive 
integer n, we have 



A 0>n (V)^($W®M((Ur)(n), 



8=1 



where the left action of A(V) on (U 1 )* is defined by \4-l\) - 
Proof: By Lemma f3. 11 we have 

s 

A nfi (V) = ($M(U l )(n)®(W)*. 

8=1 

A n ,o{V) is an A n (V) — v4(V r )-bimodule with the following left and right actions by A n (V) 
and A(V) respectively: 



s 

(I 

i=l i=l i=l i=l 



(52 u l ® v l ) = J^(a • u l ) ® v\ ($2 ui ®v i )-b = ^2u i ®v i - b, 



where a G A n {V), b G A(V), u* G M(C7*)(n), v { G (C/*)*, and (v { ■ 6)(c) = ^(6 • c), for 
c G C/\ By Theorem ITU each M(f/ i )(n)(g)(f/ i )* is an irreducible A n (V) - A(V>bimodule. 

Let m, n G Z + , recall from Theorem 12.21 that <fi is the linear map from A n ^ m (V) to 
An,n<y) defined as <p(u) = e L(1) (-l) L(0) M, for u G A njTO (V). Bv Proposition 3.2 of [TUT]. 0, 
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in fact, is an isomorphism of A n (V) — A m (V)-bimodules from A n>m (V) to A mjn (V), where 
the left action ^ of A n (V) and the right action of A m (V) on A m<n (V) are defined by 
vr^v = v *™ 4>{u) and v a — (p(a) *™v respectively for u G A n (V), v G A mtTl (V) and 
a G A m (V). 

So it is sufficient to show that A n fi{V) is isomorphic to ($) s i=1 U l <8> M(([7 l )*)(n) as 
A(V')-A n (V r )-bimodule with the new actions. As an A(V) - A n (V)-bimodu\e M(C/ i )(n)® 
(£/*)* is clearly isomorphic to (If 1 )* <8> M(U l )(n). Since each [/* is finite dimensional we 
finish the proof. □ 

We now prove the main theorem. 

Theorem 5.3. Let V be a simple vertex operator algebra. Then V is rational if and only 
if A(V) is semisimple and each irreducible admissible V -module is ordinary. 

Proof: By Theorem 12.11 if V is rational then A(V) is semisimple and each irreducible 
admissible ^-module is ordinary. Now we assume that A(V) is semisimple and each 
irreducible admissible ^-module is ordinary. By Theorem 12. 1[ it is good enough to prove 
that A n (V) are semisimple for all positive integers n. We achieve this by induction on n. 

Suppose n > 1 such that A m (V) are all semisimple for < m < n — 1. In order 
to prove that A n (V) is semisimple, it is good enough to prove that any indecomposable 
A n {V)-modu\e X is irreducible. We may assume that X is not an A n _i(V) -module. 

By Lemma fa. II and Lemma T5.2| both A n ^(V) and Aq^V) are finite dimensional (here 
we are using the assumption that each irreducible admissible module is ordinary). It 
follows from Lemma l5.1l that O n -i(V) / O n (V) is finite dimensional. Since An-i(V) is also 
finite dimensional by inductive assumption, we see that A n (V) is finite dimensional. In 
fact, the dimension of A n (V) is the sum of dimensions of O n -i(V) / O n (V) and A n _i(V). 
This implies that X is finite dimensional. 

Consider the Verma type admissible ^-module M(X) = fe>o A^ n (V) ®A n (v) A. 
Then by Theorem l2~Tl M(X)(0) = A , n {V) ® An {v) X ^ 0. By assumption, M(X)(0) is a 
semisimple y4(V A )-module. Let Z be the submodule of M(X) generated by M(X)(0). Then 
Z is completely reducible by Theorem 13.41 and Z(n) = X fl Z is a completely reducible 
Ai(^)-submodule of X. Then X/Z(n) is an A n _i(V)-niodule. 

By the inductive assumption X/Z(n) is a direct sum of irreducible A n _i(V)-modules. 
Without loss, we can assume that X/Z(n) is an irreducible A n _i(V)-module. Then 
X/Z(n) must be finite dimensional as A n _i(V) is semisimple. 

On the other hand, X* is also an A n (V)-module and (X/Z(n))* is a submodule. Let 
U = M(X)(0)*. Then the Verma type admissible module M(U) = m>o A mfi (V) ® A(y) U 
is completely reducible and M{U){n) is a submodule of X*. As a result we see that 
X* = M(U)(n) © (X/Z(n))*. Since X is indecomposable, X* is also indecomposable. 
This shows that X/Z(n) = and X = Z(n) is irreducible. 

Here we give another proof for the statement that if A(V) is semisimple and each 
irreducible admissible ^-module is ordinary then V is rational. Again we will prove that 
A n (V) are semisimple for all n. We assume that A m (V) are semisimple for all < m < n. 
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First by Lemma f3. 11 Lemma f5. 21 and Corollary 14.41 we have 



A n , (V) ® A(V) A 0in (V) = M(W)(n) ® (U 1 )* ® A(V) CP ® M(([/ J ')*)(n) 

s 

= 0M(f/ 4 )(n)®M(([/ 4 )*)(n) 
i=i 

= 0End(M(f/ i )(n)). 
i=i 

In particular, the dimension of v4 n)0 (V) ®a(v) A 0jn (V) is ^^ =1 (dim M(?7*)(n)) 2 . 

By Theorem 12 .2| A n) o(V)*™ o-'VraCV) is a homomorphic image of A nt o(V)®A(v)Ao !n (V). 
So its dimension is less than or equal to ^* =1 (dimM([/ J )(n)) 2 . 

From Lemma f5. II we see that 

dim A n (V) = dim An^V) + dim(O n (y)/O n _ 1 (y)) 
= dimA n _ x (y) +dimA n)0 (y) < A , n (V) 

s n 

< ^^(dimM([/ i )(m)) 2 

i=l m=0 

where we have used the fact that 

s n—1 



dim A^i (V) = ^^(dimM(f/ i )M) i 



i=l m=0 



as A n ^iiy) is semisimple. 

On the other hand, {M(U l )(m)\i = 1, • • • , s, m = 0, • • • , n} are the inequivalent irre- 
ducible modules for finite dimensional algebra A n (V) by Theorem 12.11 So the dimension 
of Ajy) is at least £* =1 J]^ =0 (dimM(f/ i )(m)) 2 . This forces 

s n 

dimA n (V) = ^^(dimM(f/ i )(m)) 2 . 

j=l m=0 

Thus 

4(V) = 00End(M([T)(m)) 

i=l m=0 

is semisimple. □ 
We remark that if the Verma type module M(U) generated by any irreducible A(V)- 
module U is irreducible, A(V) is semisimple and V is CVcofinite it is proved in jDLTYY) 
that V is rational. It is clear that the assumptions in Theorem 15.31 are much weaker as 
any irreducible admissible module is ordinary for any CVcofinite vertex operator algebra 
(cf. jKL], pS], dBD]). 
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This theorem has several corollaries. Following [KL we call V Ci-cofmite if V — 
^2n>o with V Q = CI satisfies that Ci(V) has finite codimension in V, where Ci(V) 
is spanned by u^yv and L{— l)u for all u, v G J2 n >o Vn- It is proved in |KL| that if V is 
Ci-cofinite then any irreducible admissible V-module is ordinary. 

Corollary 5.4. If V is a Ci-cofinite simple vertex operator algebra such that A(V) is 
semisimple then V is rational. 

A vertex operator algebra V is called C 2 -cofinite if the subspace C 2 (V) spanned by 
u_ 2 f for all u, v G V has finite codimension in V jZj. The CVcofiniteness has played a 
very important role in the theory of vertex operator algebras and conformal field theory 
(see [Z], jl)LM4j . [HNj . [NT] . |TTM2] . [H], JdMHI). It is proved in |L] and fATTD] that V 
is regular if and only if V is rational and CVcofinite. This implies the following corollary. 

Corollary 5.5. Let V be a simple Ci-cofinite vertex operator algebra. Then the following 
are equivalent: 

(a) V is rational. 

(b) V is regular. 

(c) A(V) is semisimple. 



6 An application: rationality of 

We prove in this section the rationality of V£ for all positive definite even lattice L. If 
the rank of L is 1, the rationality has been established previously in |Alj . 

Let L be a positive definite even lattice of rank d and Vl the vertex operator algebra 
associated to L (cf. [B], jFLM]). Let V£ be the fixed points of Vj, under the automorphism 
6 lifted from the —1 isometry of L. Then V£ is a simple vertex operator subalgebra of Vj,. 
If d — 1 it is proved in |Alj that V£ is rational. In this section we extend the rationality 
to all V£ ■ In DN2J and |AD| we classify the irreducible admissible modules of V£ ■ It 
turns out that all the irreducible admissible modules are ordinary. Based on the work 
DN2 and [ADJ, we prove in this section that A(V^) is semisimple. Thus by Theorem 
15. 3[ is rational. 

We use the setting of |FLM| . In particular, L is the canonical central extension of L 



by the cyclic group < k > of order 2: 1 ^< k >^ L — > L — > with the commutator 
map c(a, 0) = k^'^ 3 ' for a, (3 G L. Let e : L — > L be a section such that e = 1 and 
e : L x L —>■< k > the corresponding 2-cocycle. We can assume that e is bimultiplicative. 
Then e(a, p)e(j3, a) = 

e(a, (3)e(a + p, 7) = e(j3, j){a, p + 7), 

and eo.e/3 = e(a, /3)e a+i g for a,/?, 7 G L. Let 6* denote the automorphism of L defined by 
d{e a ) = e- a and 9(k) = k. Set K = {a~ 1 9(a)\a G L}. 

Let M(l) be the Heisenberg vertex operator algebra associated to f) = C £g>^ L. Then 
Vl = M(l) ® C[L] where C[L] is the group algebra of L with a basis e a for a G L and is 
an L-module such that e a e^ = e(a, /3)e a+/3 . 
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Recall that L° = {A G f) | (a, A) G Z } is the dual lattice of L. There is an L- 
module structure on C[L°] = © AeL o Ce A such that n acts as —1 (see |DLp . Let L° = 
^ieL°/L(L+Xi) be the coset decomposition such that Ao = 0. Set CjX+Aj] = © aeL Ce a+A \ 
Then C[L°] = © ie io/ L C[L + A»] and each C[L + Aj] is an L-submodule of C[L°]. The 
action of L on C[L + Aj] is as follows: 

for a, (3 & L. On the surface, the module structure on each C[L + Aj] depends on the choice 
of Aj in L + Aj. It is easy to prove that different choices of Aj give isomorphic L- modules. 

Set C[M] = AgM Ce A for a subset M of L°, and define V M = M(l) ® C[M]. Then Vl 
is a rational vertex operator algebra and Vl+a, for i G are the irreducible modules 

for V L (see jB], jFLMj . jPT] . jDLMlp . 

Define a linear isomorphism : Vl+A; — ► VL-x t fo r * £ by 

^(/3i(-ni)/3 2 (-n 2 ) ■ • -/3 fc (-n fc )e a+A *) = (-l) fc /?i(-ni)/3 2 (-n 2 ) • ■ ./5 fc (-n fc ) e -"- A » 
for /3j G f), rij > 1 and a G L if 2Aj G" L, and 

0(/9i(-ni)^(-n 2 ) • • • A~(-n fc K+ A 

= (-l)% i e(«,2A,)/3 1 (-n 1 )/? 2 (-n 2 ) • • • p k {-n k )e~ a -^ 

if 2Aj G L where c 2 ^ is a square root of e(2/j,2/j). Then # defines a linear isomorphism 
from V L o to itself such that 

9Y{u,z)v = Y(9u,z)9v 

for u G Vl and f G Vl°. In particular, is an automorphism of Vl which induces an 
automorphism of M(l). 

For any ^-stable subspace C/ of Vl°, let U ± be the ±l-eigenspace of U for 0. Then 
is a simple vertex operator algebra. 

Also recall the ^-twisted Heisenberg algebra f)[— 1] and its irreducible module M(l)(#) 
from |FLM| and |ADj . Let x be a central character of L/K such that x{ K ) = ~ 1 an d 

/Tl 

T x the irreducible L/K-modu\e with central character x- Then V L X is an irreducible 9- 
twisted V^-module (see |FLMj . |D2j and |DLj ). We also define an action of 9 on V^ x such 
that 

9((3 1 (-n l )(3 2 (-n 2 ) ■ ■ ■ /3 k (-n k )t) = (-l) k p l (-n 1 )p 2 (-n 2 ) • • ■ p k (-n k )t 

for Pi G f), rij G \ + Z + and t G T x . Recall that L° = UieL°/L(L + Aj). Here is the 
classification of irreducible modules for V£ (see [DN2] and p\Dj). 

Theorem 6.1. Let L be a positive definite even lattice. Then any irreducible admissible 
V£ -module is isomorphic to one of irreducible modules Vj* 1 , Vi + ; i (2Aj ^ L), V^ +x . (2Aj G 

L) and V L X ' for any irreducible L / K -module T x with central character x- 
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Then the irreducible A (V^) -modules are the top levels W(0) of irreducible V^-modules 
W given as follows: 

V+(0) = CI, VT(0) = t)(-l) 0(0 C(e Q - e -)), 
^a !+ l(0)= Ce A * +a (2A^L), 

aeA(Ai) 

lf- + (0)=T x , V^'-(0) = &(-l/2)®T x . 

Here f)(-l) = G f)} C M(l) and f)(-l/2) = {fe(-l/2)| fe £ f)} C M(1)(0). 

Let {/ii, ■ • • , /irf} be an orthonormal basis of f). Recall from |DN3j and |AD| the fol- 
lowing vectors in for a, b = 1, • ■ ■ , <i and a £ L 

S ab (m,n) = h a (-m)h b (-n), 

E u ab = 5Sab(l, 2) + 25S ab (l, 3) + 36S ab (l, 4) + 16S a6 (l, 5) (a ^ 6), 

£ b u a = S ab (l, 1) + 14^(1, 2) + 4LS a6 (l, 3) + 44S a6 (l, 4) + 16^(1, 5) (a ^ 6), 

/TIM CiM /TIM 

-^aa — ^ab^bai 

E\ h = -lQ(3S ab (l, 2) + US ab (l, 3) + 19^(1, 4) + 85^(1, 5)) (a / 6), 
^ a = -16(5^(1, 2) + 18S a6 (l, 3) + 21^(1, 4) + 85^(1, 5)) (a / 6), 

-^aa — ^ab^bai 

Kb = 45Sab(l, 2) + 1905 afe (l, 3) + 2405^(1, 4) + 965^(1, 5), 
E a = e a + e~ a . 

For v G we denote v +0(V^) by [w]. Let A u and A* be the linear subspace of A(M(1) + ) 
spanned by E u ah + 0(M(1)+) and E l ab + 0(M(1)+) respectively for 1 < a, 6 < d. Then A* 
and A" are two sided ideals of A(M(1) + ). Note that the natural algebra homomorphism 
from v4(M(l) + ) to A(V£~) gives embedding of A u and A 1 into ^(V^ 1 "). We should remark 
that the A u and A 1 are independent of the choice of the orthonormal basis {hi, ■ ■ ■ , hd}- 
By Lemma 7.3 of |ADj we know that 

vr(o)=^(-i)0(x; c [ js?a ] a (- 1 ))' 

where L 2 = {a e L|(ot, ot) = 2}. Let L 2 = {±ai, ■ • • , ±of r , ±a r+ i, • • • ,±a r+ i} be such 
that {«i, • • ■ , a r } are linearly independent and {a r+ \, ■ ■ ■ , a r+ i} C ®[ =1 Z+ctj. We can 
choose the orthonormal basis {hi\ i — 1, ■ ■ • , d} so that /ij e Coti + • • ■ + Caij, for z = 
1, ■ • • , r. Then we have 

ai(-l) = a i i/i 1 (-l) H h ajj/ij(-l), i = 1, • • • , r, 

aj(— 1) = a 3 i/ii(— 1) H h aj r h r (— 1), j = r + 1, • ■ ■ , r + Z, 
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where an ^ 0, i — 1, • • • , r. For i £ {1, 2, • • • , /}, let fcj be such that 

a r+i,ki 7^ 0) a r+i,fc;+l = • • • = a r _|_j )r . = 0. 

We know from |ADj that e l = hi(—l) for % = 1, ■ ■ • , d and e d+j = [E a i]aj(— 1) for 
j = 1, • • • , r + I form a basis of V^(0). We first construct a two-sided ideal of A{V^) 
isomorphic to End(V^(0)). Recall for i,j = 1, ■ ■ • ,d. We now extend the definition 
of Efj to alH, j = 1, • • ■ ,d + r + l and the linear span of E£ will be the ideal of A{V^) 
isomorphic to EndV z f(0) (with respect to the basis {e 1 , • • • , e d+r+i } ). 

For the notational convenience, we also write E™- for Ef A from now on. Define 

Define 

r 

l E d+i,j} = E * W < = 1, ■ • • , r + i, j = 1, ■ • ■ , d, 

fc=i 

where = 0, for 1 < i < j < r. Recall from jDN8] and jlD] that [E% b ]h c (-1) = 
S c ,bh a (—^) for a, 6, c = 1, • ■ ■ , d. 

Lemma 6.2. T/ie following holds: 

[E-}e k = 6 k ,e\ [E u st ]e k = 5 t , k e s 
for i, t = 1, • • • , d, j, s = d + 1, • • • , d + r + Z and = 1, • • • , d + r + I. 

Proof: Let h £ f) such that (h, h) ^ 0. Then uo^ = 2 ^ h ^ h(—l) 2 is a Virasoro element 

with central charge 1. Note that Uh/3(— 1) = ^^\ h(— 1) for any /3 £ f). For a £ L 2 then 
[#«] * = 4e(a, a)[u a ] in by Proposition 4.9 of [ID]. Then for i = 1, • • • , d,j = 

1, • • • , r, we have 

= l-[E%] aj (-l) = hi(-l). 

Let k £ {1, • • • , r + Z} such that A; 7^ j. Then 

K d+ > J+ ' = [i5» J+j ]([i5«»]a fc (-l)) 
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By Proposition 5.4 of |ADj . we have 

[E a *] * [E ak ] = ^2[v p ] * [E^ +ak ] * [w p ] + J2l x ^ * i B 
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where v p , w p , x q , y q E M(l)+. Since A u is an ideal of A(M(1)+), we have * [v p ], [E$ * 
[x q ] E A u . By the proof of Proposition 7.2 of [ADJ, we know that A u [E a }a(-l) = 0, for 
any a E L 2 . So by Lemma 7.1 and Proposition 7.2 of |ADj . we have 



[Etd +] ¥ d+k = 0; i = 1, - • • ,d,j = l,--- ,r,k = 1," ' ,r + l,j ^ k. 
It follows from the proof of Proposition 7.2 of |AD| that 

El 3+d e s = [El] * [E^\h s {-1) = 

for s = 1, ■ ■ ■ , d as [E a s]h s {-1) E YJ P =i C[e ap - e~ a *]. This completes the proof for Ef ij+d 
for % = 1, • • • , d, j = 1, • • • , r. The other cases can be done similarly. □ 
Recall if a and u a = Uh a for a = 1 , • • • , d from |IDN3j and |AD| . The following lemma 
collects some formulas from Propositions 4.5, 4.6, 4.8 and 4.9 of |ADj . 

Lemma 6.3. For any indices a, b, c, d, 

H * [Et\ = 5 ab [EU, (6.1) 
[El] * = MKJ- (6.2) 

ra * = * ra = o, (e.s) 

[A a6 ] * [J5&] = [A a6 ] * [J5£J = [JSgJ * [A a6 ] = [E'J * [A a6 ] = (a ^ 6), (6.4) 
For distinct a, 6, c, 

(70[ff a ] + 1188M 2 - 585[wJ + 27) * [H a ] = 0, (6.5) 

([«.] " 1) * (kJ - 41 * " ^] * = 0, (6.6) 



16/ V !6, 

jj[ffJ + \[H b ] = 2\E u aa ] - 2[El\ + |[JS*J - ^[41. (6-7) 
4 :(2[w a ] + 13) * [H a ] + 4f(2N + 13) * [H b ] 



135 J 135 

= <[E U J-[E^) + §([El]-[Et b ]), 



(6.8) 



N * [H a ] = — ([w.] - 1) * [tf J + ^(N - 1) * [#&], (6-9) 

[A a6 ] 2 = 4M * N - ±([fT tt ] + [ffc]) - (KJ + K]) - ±([2&J + M), (6-10) 
[A a6 ]*[A 6c ] = 2[a; 6 ]*[A ac ]. (6.11) 
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For a G L such that (a, a) = 2k ^ 2, 

««] - ~1 (kJ - 41 (kJ - 41 M = °- ( 6 - 13 ) 



4 / V 16/ V 16 



If a G L 2 , 



[H a ] * [E a ] + [E a ] * [H a ] = -12K] * ( [u a ] - ~ ) * (6.15) 



[F/>[F/*] =4e(a,a)[u; a ], (6.14) 

r 

w - 1) * (k] - ~) * (kj - * - ^) * m = o. (6.i6) 

For any a E L, 

P *[E a ] = [E a }*l\ (6.17) 
where I 1 is the identity of the simple algebra A 1 . 
Lemma 6.4. For any a G L 2 , we have 

A u * [E a ] * A u = 0. 

Proof: Let a G L 2 and {hi, ■ ■ ■ , hd} be an orthonormal basis of f) such that hi G Ccn. 
(A n is independent of the choice of orthonormal basis.) By ()6.1j) - (l6.2|) and ()6.16|) . we have 
[E a ] = f([u> a ]) * [E a ] = \E a ] * /(M) for some polynomial f(x) with f(0) = 0. Note that 
uj a — uji. By f|6.1|) - ()6.2|) . we only need to prove that 

[E%] * [E a ] * [El] = 0, i,s = 1,2,- ■■ ,d. 

Let a = I, b ^ 1 in lftT9jl . Multiplying JOJ by on left and using (JOJ) and (Q, we 

have 

* [H h \ = 0, 6^1. 

Then setting a — 1, b ^ 1 in ()6.7|) and multiplying ()6.7|) by [E 1 ^] on left yields 

* [Fx] = -9[J5£]. 

Let a = 1, 6 ^ 1 in (1FTTU1) . Multiplying (jSHUj) by [Ef s ] on right and using (jHHJ) and (1FTD . 

we have 

On the other hand, multiplying (|fi.7j) by [F" s ] on right yields 

~[^i]*[^]+^]*ra = [Ki- 
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Comparing the above two formulas, we have 

m * [E& = -9[J3?J, [H a ] * [E«] = 0, a ? 1. 

So 

[E«] * [^] * [E a ] * [E« ] + [E«] * [E a ] * [ffj * [E£] = -18[E«] * [E<*] * [E« ]. 

But by (jniJ-dEl) and fTCI we have 

[E«] * [Ei] * * [El } + [El] * [E a ] * [E^ * [El ] = -9[£g] * [E«\ * [E™ ]. 

This implies that [E^] * [E a ] * [E"J = 0, as required. □ 
We now define E™ ■ for alH, j = 1, • • • , d + r + /. Set 

[EdH,d+j] = [E u d+hl ] * [E^-], i,j = 1, • • • ,r + /. 

It is easy to see that [E^J * [E« d+J ] = [E^] * [E^ +i ], k = 2, ■■-,<!. 

Denote by A£ the subalgebra of A(V+) generated by {[E£], [E^ Pi .], [E^ d+p )\i, j = 
1, ■ • • , d, p = 1, ■ ■ • , r + I}. From Lemma I6.4| ()6.14|) and the definition of [E^], i,j = 
1, • • • , d + r + Z, we can easily deduce the following result. 

Lemma 6.5. A^; is a matrix algebra over C wift fraszs {[E^-]|i,j = 1, • • • ,d + r + l} such 
that 

[Eij] * [ED = 6 j>k [E? s ], [E%]e k = 5 hk e\ k, s = 1, 2, • - • , d + r + 1. 
Lemma 6.6. Let a G L and a L 2 , then 

[E a ] * A u = 0. 

Proof: Let {h\, ■ • • , hd} be an orthonormal basis of f) such that hi G Ca. If |a| 2 = 2A; 
and 7^ 4, the lemma follows from (|6.1jl - (|6.2jl and (j6.13j) . 
If \a\ 2 = 8, by and (l6~T3l we have 

[E a M b ] * [E<*] = [E Q ] * [E£J = 0, 

for all 1 < a, b < d and 6/1. By (l6~H and (pTT2l. we have 

* [E x ] * [E Q ] = 0. (6.18) 

On the other hand, for a ^ 1, by (|6.7|) - (|6.8jl and ()6.3|) . we have 

~[^] * ([#.] " [Hi]) * [El = -2[E« ] * [E% 
1 [Kx\ * (-13[EJ + 15^]) * [E Q ] = -A[E- al ) * [E Q ]. 



135 
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Therefore by (|6.18|) . we have 



l[E u al ] * [H a ] * [E a ] = [E u al ] * [E% a^l, 
1 S 

135 * [#«] * [^1 = IKi) * a ^ 1- 



This means that 



Ki] * [£ Q ] = o. 

Since [H a ] * [E a ] = [E a ] * [H a ] , we similarly have 

m * [eu = o. 

This completes the proof. □ 
Lemma 6.7. A U L is an ideal of A(V£). 

Proof: By Proposition 5.4 of [101, tEHJ), dHT7|l and Lemmas O- El it is enough to 
prove that [E a >] * [Ef k ], [E] k \ * [E a >] e A% j, k = 1, • • • , d, i = 1, • • • , r + Z. 

Let a € L2. For convenience, let ay = 0, for 1 < 2 < j < r and k{ = i for 1 < i < r. 

d 

Since aii(— 1) = ^ a ik h k (—l), we have 
fe=i 



1 , 



1 «— 1 . 

2 ^^C -1 ) 2 + J ai P aiqh P {-l)h q {-l). 

Recall from |XD] that 



4/^ " v 4 

fc=l p^g 



[^(1, 1)] = [J5&] + [J5&] + [Aa6] + + <* ^ & - 

So from (jfi.Hj) and (|f).4j) we have 

* K] = ^[^J + \ E <W£?J» * = 1, • ■ ■ , d, < = 1, ■ ■ • , r + i. 

Then it can easily be deduced that 

(a ik [EJ h .] - a iki [EJ k ]) * [u a .] = 0, j, k = 1, • • ■ , d, i = 1, • • • , r + Z. 
Then by (jfi.lfij) . we have 

(a ik [EJ ki \ - a iki [Ej k ]) * [E ai ] = 0, j, k = 1, ■ ■ • , d, % = 1, ■ • • , r + Z. 
So [E^] * [E a >] e Al, for aU j, k = 1, • • • , d, i = 1, • • • , r + Z. Similarly, we have 

= 0, fc = l,-.. ,d, i = l,..- ,r + Z, j=r + l,..- ,d, 
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[E a >]*iJ2a kb E%] = { -^p^[E a ^[J2a tb E^], j = 1, ■ ■ ■ , d, k = 1, • ■ • , r, i = 1, ■ ■ ■ ,r+l. 

6=1 6=1 

Since both {ai, ■ • • , a r } and {h\, ■ ■ ■ ,h r } are linearly independent, it follows that for 
each i = 1, • ■ ■ , r, j = 1, • • • ,d, [E%A is a linear combination of on^-J, [a 2 iEij + 
a 22 E^}, ■ • • , [a rl E% + ■■■ + a„E^}. Therefore [E ai ] * [E? k ] G A% j, k = 1, • • • , d, i = 
l,---,r + Z. □ 
For ^ a G I, let {/ti, • • • , /id} be an orthonormal basis of f) such that h\ G Ca. 
Define 

[B a ] = 2^-\[P] * [E«\ - * 

and [£„] = [/*] (see formula (6.5) of jSD|). 

Lemma 6.8. For a G L, G A*, [S a ] * = [££.] * [S a ]. 

Proof: It is enough to prove that 

[S a ] * [4] = [E\ 3 ] * [SJ, 
for i — 1 or j = 1. By the definition of [_E* fe ] and the fact that 

[I*] * [£ Q ] = * [J*] 

and 

[/'] * [A a6 ] = [I*] * K 6 ] = 0, a ^5, 

we have 

[flj * = [S a ] * {-[3 ab (l,l)]-2[3 ab (l,2)]), 
[El b ] * [S a ] = (-^(l, 1)] - 2[S ab (l, 2)]) * [B a ]. 
Let 6 7^ 1. Similar to the proof of Lemma 7.5 of |ADj . we have 

(2|«| 2 - l)([E{ b ] + 3K] + [A 16 ]) * [£«] + [E"\ * ([E*J + 3K] + [Aid) 
= -(Mi] ~ + [Ai6]) * [# a ] - (2|«| 2 - 1)[J5°] * ([J5&] - [JSJi] + [An]) 

(2|«| 2 - 1)(^[<] * [^] + M * [A 16 ] * [E a ]) + ±[E a ] * [JSJJ + [E a ] * N * [A u ] 
9 * [£ Q ] + N * [A 16 ] * [^ Q ]-(2|«| 2 - l)(4[£ a ] * + [E a \ * M * [A 16 ]). 



16 /v 16 
So we have 

(2|«| 2 -l)[^]*[^] = -[^]*[^]+o;, 

where x E A^ + C[A 16 ] * [£ a ] + C[£ Q ] * [A 16 ] + C[cj 6 ] * [A lb ] * [£ Q ] + C[£ a ] * [A 16 ] * [u b 
Since y * x = for any y G A*, we have 

[£«] * 

= 2I"' 2 - 1 (-(2|«| 2 - l)[E[ b ] * [J5«] + 2M 2 [£{ 1 ] * [J5*J * [E«]) 
= 2^[E{ b ]*[E a ] = [Ei b ]*[B a ]. 
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Similarly, 

[B a \ * [E*J = [El] * [B a ], 
completing the proof. □ 

Lemma 6.9. A\ is an ideal of A(V£) and A l L = A 1 ® c C[L/K)/J, where C[L/K] is the 
group algebra of L/K and J is the ideal of C[L/K] generated by kK + 1. 



Proof: By Proposition 5.4 of |AD| and Lemmas 16 .7116 .81 it is easy to check that A\ is 
an ideal of A(V^). Similar to the proof of Proposition 7.6 of |AD| . we have 

[B a ]*[B p ] = e(a,l3)[B oH .p], 

for a,/3 G L where e(a,(3) is understood to be ±1 by identifying k with —1. Then the 
lemma follows from Proposition 7.6 of |ADj and Lemma f6. 81 □ 
It is clear that A U L n A l L = 0. Let 

A(V L +)=A(V+)/(A" L ®A t L ), 

and for x G A(V^), we still denote the image of x in A(V^) by x. 

Lemma 6.10. In A(V^), we have 

[H a ] = [H b ], l<a,b<d, (6.19) 

(KJ - 4) * [ H -\ = °> 1 < a < d > (6-20) 
16 

1 28 1 28 1 98 

— [H a ] * —[H a ] = —[H a ],l<a<d, (6.21) 

[A a6 ] * [H e ] = 0, 1 < a, b, c < d, a^b. (6.22) 

Proof: (jSTISD follows from and (l6~2UJ) follows from O and (jHSD- Then from IffTSI) 
we can get (|6.21j) . By (|6.1U|) . we have 

[Kbf * [H e ] = 0, a ± b. 

If d > 3, then by we can let c ^ a, c + b. So by (|6~TT|) and (jnZHJ), 

[A a6 ] * [F c ] = 16[A a6 ] * [a; c ] * [H B ] 
= 8[A ac ] * [A c6 ] * [H c ] = 128[A ac ] * [A c6 ] * [u a ] * [H a ] 
= 64[A ac ] * [A ca ] * [A ab ] * [H a ] = 0. 



If d = 2. Notice that [A a6 ] = [5^(1,1)]. By Remark 4.1.1 of DN3 and the fact that 



[u a * S a b(m, n)) = [S a b(m, n) * u a ] in A{V^) for m, n > 1, we have 

[S ab (m + 1, n)] + [S ab {m, n)] = 0. (6.23) 
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By the proof of Lemma 6.1.2 of |DN3j . we know that 

[H a ] = -9[S M (1,3)] - y[5 aa (l,2)] + i[S aa (l,l)]. (6.24) 

Direct calculation yields 

[S ab (l, 1)] * [5 oa (l, 3)] = h b (-l)h a (-3)h a (-l) 2 , 

[S ab {l, 1)] * [S aa (l, 2)] = h b (-l)h a (-2)h a (-l) 2 , 

[^(l, 1)] * [5 oa (l, 1)] = /i 6 (-l)/i a (-l)/i a (-l) 2 . 

Here we have used (16.23)1 . Then ()6.22|) immediately follows from Lemma 4.2.1 of |DN3j . 
(I6.23|) and ()6.24|) . The proof is complete. □ 
For 7^ a G L, let {hi, • ■ ■ , hd} be an orthonormal basis of f) such that hi G Ca. 
Define 

[B a ]=2W- 1 ^[H i \*[E«\. 

We also set [B ] = ^[#1]. 

Lemma 6.11. T/ie subalgebra Ah of A(V^) spanned by [B a ], a G L is an ideal of A(V^) 
isomorphic to C[L/K]/ J. 

Let 

A(V L + ) = A(V+)/A H . 

Lemma 6.12. Any A(V^) -module is completely reducible. That is, A(V^) is a semisim- 
ple associative algebra. 

Proof: Let M be an A (V^ ) -module. For a G L, by |DN2j M is a direct sum of irreducible 
A (V^) -modules. Following the proof of Lemma 6.1 of |ADj one can prove that the image 
of any vector from M(l) + in A(V^) is semisimple on M. By Table 1 of |ADj . we can 
assume that 

M= M x , 

AGb/(±l) 

where M\ = {w G M\ [\h(-lfl\w = \{X,hfw,h G fj}. So u a w = \{X,h a fw, for 
w G M\. By (JOTIjl and (f6~TT|) . we have 

A ab w = (A, h a ) (A, fi, 6 )w, 

for a ^ 6, w G M A . For any u G M A , A ^ 0, set M(u) = £ C[£ a ]u. By flo"T2>(l6~T31) 

and (pTTK j) - (jfi~T7jl . if [E a ]u ^ 0, then a G A(A) or -a G A(A), where A(A) = {a G 
L| |A + a| 2 = |A| 2 }. So 

M(u) = C[E a }u. 

aeA(A) 

29 



Since L is positive-definite, there are finitely many a G L which belong to A (A). Thus 
M(u) is finite-dimensional. Similar to the proof of Lemma 6.4 of |ADj . we can deduce that 
KbM(u) C M(u), uJ a M(u) C M(u). By Proposition 5.4 of |ADj . [£ Q ] * [E ] = [x] * [E a+P ] 
for some x G M(l) + . We deduce that M(u) is an A(K L l ")-submodule of M. Suppose 
[E a ]u ^ 0, for some a G A(A). If (a, a) = 2, then by (jOIjl . we have ^ [E a }[E a }u G Cm. 
If (a, a) = 2k ^ 2. Let {hi, • • • , ^} be an orthonormal basis of f) such that hi G Ca. By 
the fact that [H x ] = [Ji] + [wi] - = and (|B~TH|) we know that [uj x \u = \u. Then by 



Lemma 5.5 of [DN2j. we have 

2k 2 

Therefore M(u) is irreducible. We prove that M is a direct sum of finite-dimensional 
irreducible A (V^) -module. □ 

Theorem 6.13. V£ is a rational vertex operator algebra. 

Proof: By Lemmas I6.5H6.71 16.91 16.111 and 16.121 we know that A(V£~) is semisimple as 
C[L/K]/ J and A* ® C[L/K]/ J are semisimple. Then the theorem follows from Theorem 
O □ 
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